THE A-INFINITY ALGEBRA OF AN ELLIPTIC CURVE AND THE 

J-INVARIANT 

ROBERT FISETTE 

Abstract. We compute reduced Hochschild cohomology oi B — Ext* (O ffi L, O ® L) , where 
O is the structure sheaf of an elhptic curve and L is a Une bundle of degree 1. The resuh 
suggests an j4-infinity equivalence between the A-infinity structure computed for B in [l] 
and a structure in which ms = 7714 — rns — 0. We see that the j-invariant of the curve is 
explicitly related to this new structure. 



Introduction 

Let C = C/(Z©rZ) be an elliptic curve, D^{C) the bounded derived category of coherent 
sheaves on C . It is well-known that the category D^{C) is controlled by a natural ^-infinity 
structure on the algebra B = Ext*(0 © L, O © L), where O is the structure sheaf of C and L 
is a line bundle of degree 1 . 

The interest in this structure was motivated by questions of homological mirror symme- 
try. To determine this structure, one first chooses a resolution which calculates Ext. The 
total complex of the resolution has the structure of a dg-algebra A, which we consider as an 
^-infinity algebra with m„ = for n > 3. According to the theorem of Kadeishvili ([2], [6]), 
B = H*{A) has an A-infinity structure with mi = 0, m2 induced by m^, such that A and B 
are equivalent as ^d-infinity algebras. This structure is unique up to strict A-infinity isomor- 
phism. 

Since G = O (B L generates D^{C) as a triangulated category, D^{C) is equivalent to the 
derived category of perfect 74-infinity modules over B = Ext*(G', G). For elliptic curves, it is 
also known that D^{Ci) ~ D^{C2) if and only if Ci — C2; so this A- infinity structure on B de- 
termines C uniquely. In [1] , Polishchuk uses the Dolbeault complex and a formula of Merkulov 
from [3] to compute an A-infinity structure on B in terms of the Eisenstein series of the curve. 

By choosing a generator in the same way for all curves, the answer in [T| provides a family 
of A- infinity structures on the associative algebra B. Thus it is of interest to consider B as 
an associative algebra and examine its extensions to an ^-infinity algebra with nii = and 
7712 = m^. These extensions and their equivalences are governed by certain components of 
the Hochschild cohomology of B. 
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If we let C be an elliptic curve over an algebraically closed field k, P a closed fc-point, then 
the multiplicative structure of Ext*(C' © 0{P), O © 0{P)) is unchanged from the case where 
k = C Thus it is valuable to compute Hochschild cohomology of this algebra for as general 
k as possible, despite the fact that the computations in [Ij were done only for a complex curve. 

The main goal of this paper is to compute the reduced Hochschild cohomology of B as an 
associative algebra over R = A;(idc), id^), where A; is a field with char A; ^ 2,3. We use the 
reduced complex (as in [3] (20d)) as it is known to be quasi- isomorphic to the full complex for 
a unital algebra. The specific relationship of this cohomology to Aoo-structures is well-known 
and recalled here in Section [2l 

The fact that there are no nontrivial co cycles with internal degree -2 in HH'^{B) implies 
the existence of a strict A-infinity isomorphism between the ^-infinity algebra computed in 
[1] with a structure in which = = = 0. In this new structure, we see that the 
j-invariant of the curve is explicitly related to mg and mg, thus making the dependence of 
this A-infinity structure on the isomorphism class of the curve completely explicit. 



1. Notation, conventions, and recollections 

When f : A B is a map of graded objects, we say that / is homogeneous of internal 
degree n if deg /(x) = deg(rc) + n for all x £ A. If C* is a cochain complex with a differential 
which preserves internal degree, then C*^^ will mean the subcomplex of maps of internal 
degree n, and similarly HH'^^ refers to the cohomology of such a subcomplex. 

When ^ is a graded algebra, we define the tensor algebra T{A) = (B'^^A®^ . T{A) inherits 
an internal grading from A by 

n 

\xi ® ■ ■ ■ ® Xn\ = ^ \Xi. 

i=l 

We let S be the functor on a category of graded objects that shifts grading by -1, i.e. {SA)i = 
AiJ^i. When y is a graded space, / : Tiy) — >■ Tiy) a homogeneous map with respect to the 
internal grading, we recall that / is a super derivation if for homogeneous ui,f2 G Tiy) we 
have 

f{vi (g) V2) = f{vi) (g)V2 + (g) f{v2). 

We have a graded Lie superalgebra 

Derr(y) = ©zezDerir(y) 

of super derivations on T(V), where Der; T(y) are the homogeneous superderivations of in- 
ternal degree /. Let d G DeviT{V),6 G Der^- T{V), and D G DerkT{V). Then the bracket is 
defined by 

[d,6] =d6-{-iy^Sd. 
In particular if i,j, k are odd (as they will be in our case), then 

[d, 6]=d6 + 6d 
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and 



[d, [6,D]] + [6, [D,d]] + [D,[d,6]]=0. 



1.1. Eisenstein series. For a lattice A C C with basis uji,uj2, with m, n integers of the same 
parity, we set 

^ ^ weA/{0} ^ ^ ' 

where a(A) = Im(cJia;2) is the area of C/A. Then for integers a, 6 > of different parity we 
set 



+ ( ^ ) ) fa+b-k,k+M)- 



k>0 

When m,n are of different parity or a,b the same parity, then fm,n{^) = ga,b{^) = 0. It is 
shown in [1] that gafi is a polynomial in 64, . . . , Ca+b+i with rational coefficients, where e2k 
are the Eisenstein series for A defined as 



a;eA/{0} 



for k > 2, and 



and 



62 



(rriLOo + nwi)2 ' 

m n;n^O if m=0 ^ ^ 



62 (A) = e2{UJl,UJ2) 



a{L) uji 

A few of these polynomial relations we will use later. When the lattice is understood, we will 
write e2k ■= e2fc(A), ga,b ■= ga,b{A), and so on. 

Proposition 1.1.1. 

1- 53,0 = 664, 

2. 52,1 = -[62]^ + 564, 

3. 55,0 = 12066, 

7 

4. 54,1 = -553,051,0 + ^^55,0, 

5 

5. 53,2 = -252,151,0 + g54,i, 

Proof. These follow immediately from [IJ Prop. 2.6.1. □ 

We recall that for k > 1, e2k are holomorphic and modular of weight 2k, while 62 is modular 
of weight 2. 



3 



When C = C/(Z rZ) is a complex elliptic curve, we set A = Z + rZ for the purpose of 

computing the Eisenstein series of the curve. We set t = — , and for non-negative integers 
a, b, c, d define 

M(a,6,c,d) := (-1)( 2 )^^^.t-+^+c+'^+^.g 

a\b\c\d\ 

1.2. Hochschild cohomology. We recall the appropriate definitions (see [7]). In particular 
if is a field, B a fc-algebra, and R C B a semisimple ring such that B = R (B -B+ as an 
i?-module, then we define here the reduced Hochschild cochain complex over R. If M is any 
S-bimodule, we define 

C''{B,M) = Hom/j(5f",M), 

where (8) is tensor over R unless otherwise specified. Similarly Hom will mean Hom/j by 
default. The differential 6 : C" (^"+1 defined by the equation, 

n 

5(0)(ao,oi, . . . ,a„) = aofpiai, . . . ,o„) + ^(-l)V(«o, • • • ,ai-iai, . . . 

i=l 

(-l)"+V(«o, • • • ,an-i)an. 

The cohomology of this complex is the Hochschild cohomology of B with coefficients in M. 
When M = B, we call the result simply the Hochschild cohomology of B. 

For a graded S-bimodule M, the Hochschild complex C*{B,M) is bigraded, 

e„>oC"(5,M) = e„>o,mezC("^)(S,M). 

The Hochschild differential preserves m and increases n by 1. Therefore we may consider for 
a fixed m the complex C'^s^{B, M) and compute its cohomology. 



2. Hochschild cohomology and ^oo-structures 

We recall here the relationship between the Hochschild cohomology of an associative alge- 
bra A and the extensions of A to ^-infinity structures with mi = 0. (See [5], [8].) 



Lemma 2.0.1. Iem3-k Let A be a graded k-algebra, char k ^ 2,3. Let mi = 0, m2, . . . , 

be maps : A^'' — t- A homogeneous of internal degree 2 — k and satisfying all corresponding 
A^-relations. Let 6 be the differential on Hochschild cochains. The Aoo-relations can be 
rewritten in the form 

Smk = (j)k{ms,...,mk-i), (*) 

where 

(1) 4>k is a quadratic expression; 

(2) 4'ki'ms, • • • , fnk_i) : A is homogeneous of internal degree 2 — k; and 

(3) (5(/)fc(m3,...,mfc_i) = 0. 
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The lemma implies that the vanishing of HH^^^^{A) guarantees that m2, • • • , w-fc-i can 
be extended with m^. (i.e., the equation (*) can be solved for m^). We prove here that 
4'kii^3y ■ ■ ■ yiTT'k-i) IS & cocycle, as this was not located in the literature. 



Proof. Each rrii, i = 2, . . . ,k — 1, defines a map mj : T{A) — >■ ^ of internal degree 2 — n equal 
to rrii on yl®* and zero otherwise. Following [9], let ^ = (SA)*, The mi correspond to maps 
di : V ^ T{V) of internal degree 1. Each di can be uniquely extended to a superderivation 
di : T(y) — > T{V), also homoegeneous of internal degree 1. 

The ^oo-relations arise from certain relations among the brackets of the derivations di. 
The Lie bracket on derivations becomes the well-known Gerstenhaber bracket on Hochschild 
cochains in the dual picture. The Hochschild differential 5 acts by 6f = [m2, f] and 



4>k{m^-, ■ ■ ■ ,mk-i) 



-{[m3,mk-i] + [m4,mk-2] + 
■■■ + [™(fc+i)/2, "i(fc+3)/2]) if k is odd 

-{[m3,mk-i] + [m4,mA,._2] + 
^ o ["^(^+2) /2 ' "^(fc+2)/2] ) if ^ is even. 



2' 

The condition that (pki'm'3, ■ ■ ■ j^T-fc-i) is a cocycle is equivalent to the condition that 
[d2,4'k{n^3, ■ ■ ■ j^T-fc-i)*] = 0. (0fc(m3, . . . ,mfc_i)* is a derivation since its dual is defined by 
brackets of derivations.) 

We proceed by induction in k. For compactness we write (p* := (l)j{m^, . . . ,mj_i)*. The 
base case A: = 3 is obvious since ^3 = 0. Suppose (i2) c^Si • • • > c^fc-i are defined such that 
[^2, dj\ = 4)* for all j < k with k even. Then 

[c^2,0fc] = - [d2,[d3,dk-l] + [d4,dk-2]^ K ^^A:+2)/2,'^(fc+2)/2]] 

= [d3, [d2, dk-i] + [4-1, [d2, ds]] + [di, [^2, 4-2]] + [4-2, [d2, 4]] + 

^ [^(fe+2)/2, [4, C?(fc+2)/2] 

k-1 

= ^[di,(t>*k+2-t] 
1=3 

When </'fc_|_2-i are expanded, the sum on the right will have terms: 

(1) -[di, [4,4]], -[4, ['3^4,4]], -[4,[dj,4]] where i+j + t = k + 4 and i,j,t are ah 
distinct. Each term appears once (in [(ij , 0^^_2_ J , [dj,4'k+2-j] ^^^'^ [dk,<Pk+2-t\ respec- 
tively) and their sum vanishes by the Jacobi identity. 

(2) —[di, [di, dj]], —-[dj, [di,di]] where 2i + j = k + 4 and i 7^ j. Each term appears once 
in [di, </>^^2-J [4' '?^fc+2-j]' respectively. By the Jacobi identity we have 

-^[4, [di,di]] = [di, [di,dj]], 
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so these terms cancel. 

(3) —[di, [di,di]] where 3i = k + A. By the Jacobi identity we have that 3[di, [di, di]] = 0, 
so [di, [di,di]] = so long as char k ^ 3. 

When k is odd we have 

[c^2,0fc] = -[d2, [d3,dk-i] H h [d(k+i)/2,d(^k+3)/2]] 

k-1 

= ^[fii, [d2,dk+2-i\] 

i=3 
k-1 

= '^[di,(l)l+2-i\, 

i=3 

with the same result as the k even case. □ 

Lemma 2.0.2. ([8\, Lemma 2.2) Let m = {nin) and m' = {m'^) be two admissible (mi = 
Aoo- structures on A such that = m'- for i < k, where k > 3. Then m'j^ — mj. is a Hochschild 
cocycle. 

Furthermore if m'^ — m„ is a coboundary, we can construct a strict A^-isomorphism f : 
A ^ A such that f * m'' = m'- for i < n and f * = m„ . 

Therefore if HH^^-k)^^) ~ extensions of mi = 0, m2, . . . , mj^_i to are equivalent 
in this precise sense. 

Lemma 2.0.3. ([8\, Lemma 2.3) Let m,m' be two admissible A^o- structures on A, f,f' a 
pair of strict Aoo-isomorphisms from m to m' with fi = f[ for i < k, where k > 2. Then 
f'k ~ fk is a Hochschild cocycle. 

Furthermore if f'f, — fk is a coboundary then there is a homotopy cj) such that 4>* fi = fi for 
i < k and (p * fk = f'k- 

Therefore if HH'^_j^{A) = 0, all extensions of /i,...,/fc-i (the start of a strict Aoo- 
isomorphism from m to m') to fk are homotopic in this precise sense. 

3. Definition of the graded associative algebra B 

Let C be an elliptic curve over a field k, O the structure sheaf of the curve, P G C a closed 
A;-point, and L = 0{P) a line bundle of degree 1. Let B = Ext*(C' ® L,0 ® L). B is the 
direct sum of the components, 

(i) Hom(C', O) and Hom(L,L), both one-dimensional generated by the identity maps 
ido, idi; 
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(ii) Hom(0, L), a one-dimensional space, generated by a function 9; 

(iii) Ext^(L,0), a one-dimensional space generated by a function ry; 

(iv) Ext^ (L,L) and Ext^(C',0), both isomorphic to the one-dimensional space H^{0). 

By Serre duality the products 9r] = ^ e Ext^(0, O) and r^O = ^ Ext^(L, L) are nonzero, so 
we take and as generators of those spaces. For degree reasons all other products (except 
those involving the identities) are zero. 

Thus we consider the A;-algebra B = Bq ® Bi, graded with fe-basis 

Bo = {idL,ido,e), Bi = (r?,e,a), 

and nontrivial products 

(idi)^ = idL, (CL)(idL) = (idL)(^L) = rjO = Cl, (idi)?? = r]{ido) = rj, {idof = ido, 

^(ido) = (ido)^ = 9ri = ^, {ido)9 = d{idL) = 9. 

We will also express B as B = R(B -B+ where R= (idi, ido) and = {6, rj, ^, ^l), and in 
this way treat B as an i?-algebra. 



4. Computing Hochschild cohomology 

We start by computing Hochschild cohomology of B with coefficients in 
B^/Bi, and B/B^. We use the notation 

c"(B,(a,C)) = c"(a,0, 

C'{B,B^/{^L,0) = C'{v), 
C'{B,B+/Bi) = C'i9), 

C'{B,B/B+) = C'{idL,ido). 



After making these calculations we will use the long exact sequences on cohomology asso- 
ciated to the short exact sequences (of ii-bimodules) 

0^(eL,O^-Bi^Si/(eL,O^0, 
B+/Bi B/Bi B/B+ 0, 
O^Bi^B^ B/Bi 0, 

to finally compute H m^_JB) , H m^_JB) , and HH^^iB). 
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4.1. HH'{Cl,0 and HH'{idL,ido). Since 

= c^ia) e C7"(e) := c^iB, (a)) e C"(i?, (0), 

we can consider each complex separately. Because the first and last terms of the Hochschild 
differential are zero, the cochain complex {C*{^l), 6) is dual to the chain complex {C,{L), —d) 
where 

n-l 

Cn{L) := idi {Bf'') (g)n id^, d{ai O • • • a„) = ^(-l)^ai ® • • • 0^0^+1 O • • • a„. 

The chain complex C,{L) has an internal grading given by deg(ai ® • • • ® a„) = ^ deg Oj. We 
let ct\L) be the space of tensors of internal degree m in Cn{L). The differential preserves 
m and decreases n by 1. 



Proposition 4.1.1. 

Hn{ci''\L)) = Ofor alln. 

I U otherwise. 

k if n = 7,8 
otherwise. 

k if n = 11,1 
otherwise. 

For m > 0. We consider a decreasing filtration on the complex ci'^\L), letting 



H^{dr''\L)) ^ ^ ^ z/n= 11,12 



For fixed n,m, the space F'Cr'{L) = for i » 0. The spectral sequence of this filtration 
therefore converges to the homology of the complex. The zero page has for each i > a 
complex 

gr.d™^^) = F^C(-)(L)/F*-iC7(-)(L) = {{iLf'm''0{iLt' ■ ■ ■ | J] k, = i). 



The proof of Proposition 14. 1 . 1] will follow from Lemmas 14.1.21 through 13.1.61 
Lemma 4.1.2. 



otherwise. 



For i = n — 1, (^l)" is a generating cycle. 
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Proof. Only for i = n — 1 is gijC^I^ (L) / 0. Then 

and clearly diC^) = 0. Since gr„_iCi""^\L) = 0, (a)""^ is not in im d. □ 
Lemma 4.1.3. Hn{griCi^ = for i ^ n — 2 and 

Hn{gr^_^d''-'\L)) = mrvOi^LTla + c = n - 2) 

Proof. For i > n — 2, gr^Cn" = 0. For i < n — 2, we have 

gr,C("-i)(L) = mrvi^fei^LYla + c = i,b = n - 2 - i). 

Since b ^ this entire space is in kerd (no nontrivial adjacent products). The whole space is 
also in im d since {CiT'n^^'niO^^^^^i.^LT G g^iC'^+i^^ (-^) ^-'^d 

where the first term on the right is in the quotient. This proves the first claim. 
(Note for future reference: this same trick will show that any tensor of the form 

(eLrr/(o'^0---(o'"-^^(ar" 

such that all of a2, . . . , o„_i ^ and at least one 6j ^ is both in ker d and in im d. We will 
subsequently refer to this fact when needed the Lemma [4.1.31 trick. ) 

We have 

gr„-2C^^-'^(^) = mrriei^LTW + c = n - 2). 

This whole space is in ker d since d adds one to the sum of powers on ^l. Since gr„_2C'^+i^^ (L) = 
for degree reasons, nothing in this space is in im d. □ 

Lemma 4.1.4. Hn^i{gr^ci,^ = for i ^ n — 3 and 

Hn+i{gr^^^clr-^\L)) = mrvOi^LTvOi^'^ria + c + e = n - 3, c 7^ 0) 
Proof. For i > n — 3, gT^cl^_^^i^\L) = 0. 

For z = n — 3, it is clear that {^LYv^^i^hYv^ii^Y is a class in homology when c 7^ 0. When 
c = we have 

dmYriomLY) = HiLYmoiiLY 

with the other terms vanishing in the quotient. Different choices of a, e therefore produce 
linearly independent boundaries, so no linear combination of such elements may be in kerd. 

For i < n — 3 there are two cases. 
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(a) c / 0. Then 

Since either 6 7^ or c? 7^ 0, this tensor is in im d by the Lemma 14.1.31 trick. 

(b) c = 0. Then 

Thus for fixed a, e and different choices of b, d with b + d = n — 3 — i, we get an 
element of ker d by taking some combination of these elements. Tensors of the form 

appear in boundaries of tensors iCLTviCy^dr]{S,YW'n{£,y3 9{S,LT), 
for some choice of ci, 02,03 where = n — A — i. More generally, the space of tensors 
with all interior powers of equal to 0, as here, form their own complex. Here d has 
the form 

m—l 

d{ci, . . . ,Cm) = ^ ±(ci, ... ,Ci + Ci+i + 1, . . . ,Cm), 
i=l 

where X^^^ Ci = n — 1 — i — m. Making a change of variables = Cj + 1 we have 

m—l 

d{Ci, . . . , C^) = =t(Cl, . . . , Cj + Cj,^;^, . . . , C^), 

where ^ = n — 1 — i. Finally letting cj = Yl]=i 4 and mapping {c[, . . . , c^) 
to {cT, . . . , Cm-i} for all m gives an isomorphism with the reduced complex of the 
(n — 2 — i)-simplex. In this calculation we seek Hq of the simplex, which is of course 
0. 

(Note for future reference: In subsequent sections we will encounter complexes which can 
be mapped to simplicial complexes in essentially this same way. When this is the case, we 
will refer to this procedure as the simplex trick.) 

□ 

Lemma 4.1.5. Hn+2{gf'iC'i^ = for i ^ n — 4 and 

Hn+2{gr^.^Clr~^\L)) = mrvO{arvO{arr]eiCLr\a + c + e + g = n-i andce^O). 

Proof. For i > n — 4, gr^ci" = 0. For i < n — 4 all tensors must have at least one S,. Such 

tensors already in ker d are in im d by the Lemma 14.1.31 trick. Thus additional cases occur 
only when we have some linear combinations that produce elements of ker d. To examine this 
we calculate, 

d{{iLTm'9{iLYrj{ifer^{iye{iLr) = ±{iLTrj{ife{iLYv{if+f+^e{iLy, (2) 

iCLTvi&Ovi&^^^'oi^y (3) 
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Some combination of two tensors from (1) for fixed a, e, / and different choices of b, d are be 
in ker d. Similarly for pairs of tensors in (2). Both cases are covered by the simplex argument 
of Lemma 14.1.41 by tensoring the complex from that lemma with ri{^)f 9{^l)^ on the right in 
the former case, or with the left in the latter. 

Finally we must consider combinations of a tensor from (1) with powers b, d, f and a tensor 
from (2) with powers b', d' , f such that c = e, b + d + 1 = b' and f = b' + d' + 1. In that case, 

where f — d' — 1 = f . 

Tensors of type (3) form a part of the complex considered in the simplex argument from l4.1^ 
Here we must calculate Hi of the simplex, which is 0. 

To prove the claim for i = n — 4, note that all of the tensors described are obviously in 
ker d. Other possible tensors and their boundaries are, 

dmrvOvOi^LTvOi^LY) = M^LrviOOi^LTvOi^LY, 

dmrrjei^TvOriei^Ly) = ±{^Lrrje{^Lrv{oo{CLr, 

For different choices of a, c, e, g such that the appropriate sums equal n — 4, the set of 
tensors on the right are linearly independent and so produce no class in homology. □ 

Lemma 4.1.6. 

and k2,k3,ki ^ 0). 

Proof. These elements are all clearly in kerd and cannot be in im d. The boundaries of 
tensors with either ^2 = 0, fcs = 0, A;4 = are all linearly independent, similar to the previous 
lemma. □ 



Proof of Proposition \4-l-l ■ On the first page of the spectral sequence we have from this col- 



lection of lemmas one nontrivial complex, 

^ Hn+z{gTn-,C^:"'\L)) ^ /7„+2(gr„_4d""'^(L)) ^ F„+i(gr„_3d"-^)(L)) 
^ Hn{gT^^2C^r'\L)) ^ i?„-i(gr„_id"-^)(L)) ^ 0. 
The differential takes the form 

+ km, + 1) ■ 

We use the simplex trick as in Lemma I4.1.4| to map to a simplicial complex. In partic- 
ular, we map isomorphically to the dimension 3,2,1,0,-1 part of the simplicial complex 
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A [n — 1] considered in Appendix |XJ The condition that the middle fcj are nonzero is equiv- 
alent to the middle /c- > 2, thus the difference of at least two between adject vertices. Since 
YllLi ki = n — m and fcm = is possible, it follows that Yli1=]^ k'- = n — 1. 

From Proposition IA.0.51 the resulting simplicial complex has (reduced) homology in di- 
mension for n — 1 = 2, 3 (so the chain complex in dimension n for n = 3, 4); in dimension 1 
for n — 1 = 5, 6 (so the chain complex in dimension n + 1 for n -|- 1 = 7, 8); and in dimension 
2 for n — 1 = 8, 9 (so the chain complex in dimension n + 2 for n + 2 = 11, 12). This is the 
result. □ 



Furthermore the correspondence with the simplicial complex allows us to find explicit 
representatives of all classes. 



location 


representative 




^3 


= riOi^L) + iCL)vO 


Hf\L) 




= riei^L? + {Cl)vO{Cl) 


Hf\L) 


aj 


= vOUlYvO^l + riOiiifriO + {Cl)vO{Cl)vOCl + (a)^^(a)'^^ 


Hf\L) 




= ^ ® 




"ll 
(a)r 


= vO{CLfvO{CL)vOCL + vO{CLfv0{CL?vO{^L) + {(L)riO{^L?r,0{^L)r]eCL+ 




(9) (8) ^ ^ 
^12 := ^11 ® 



We would like to find representatives that are a little more manageable, and they are avail- 
able. 



af -d{r,erieiL)=v{mL, 

ai? - d{rjerj9iCL?rj9iCL)vO^L) - d{rji09iCL)r]9r,9{^L)ri9CL)- = ??(0^(a)'?(0^(a)^(0^, 

(^12 ~ gefigefigefi. 
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So an updated version of representatives is 



Hf\L) 


me 




vimL ~ i^MOe 


H^'\L) 




Hf\L) 








Hil\L) 





Corollary 4.1.7. 



Hn{,ci''\0)) = for alln 



k if n = 3,4 
otherwise. 



k if n = 7,8 

otherwise. 

k if n = 11,12 

otherwise. 



Proof. There is an isomorphism of complexes ci" {L) ci" {O) via 

rj^e, e^rj, ^^^L, ^ C- 

So we get representatives, 







Hf\0) 




Hf\0) 

















Corollary 4.1.8. 

HHl_^^{iL,0 = ^for all n, 

HHjt,_„^{^L,0 = HHl_^){idL, ido) 
i^i^("3-„)(a,e) = HHl_^-^{idL, ido) 
HH^^_^^{iL,0 = HHl^_^-^{idL,ido) 



k^ ifn = 2,,4 

otherwise 

k"^ if n = 7,8 

otherwise 

k'^ if n = 11,12 
otherwise 



□ 
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Proof. The Hochschild complexes C*^_^s^{^l) and C*_^^{idL) are both dual to C, {L) for 
all m. The complexes C*-^_^-^{^) and C*_^^(i(io) are both dual to cl'"'*(0). □ 

4.2. HH'{rj) and HH'{6). Let C^\ri) be the space spanned by tensors of degree m in 
idi -B?" ido, made into a complex with the differential d from the previous section. 



H^{&r'\r,)) - ^ ^ ^/n = 9,10 



Proposition 4.2.1. 

/c if n = 5,6 
otherwise, 

k ifn = 9,K 
otherwise. 

k if n = 13,1 
otherwise. 

We consider the decreasing filtration with 

Then the zero page of the spectral sequence of the filtration has complexes such that the sum 
of powers of is exactly i. The proof of Proposition 14.2.11 will follow from the following 
lemmas. 

. ^ « / ^(n-i) /NX ( k if i = n — 2 

Lemma 4.2.2. H„,_i{griCl '(v))--' 



Hn{d-'\v)) - ^ ^ ^/n = 13,14 



otherwise 

Proof. The space griCl^_i^\r]) is one-dimensional for i < n — 2 spanned by If 
i < n — 2 then the power on ^ is nonzero and thus this tensor is a boundary, and otherwise 
it is not. □ 

Lemma 4.2.3. Hn{grfi'^ ^^(^)) = for i n — ?, and 

i7„(gr„_3d"~'^(?7)) = ((a)V(a)^^|a + c = n - 2,, c ^ Q) . 

Proof. Consider i < n — 3 first. In this case there is at least one ^ present and there are two 
cases: c 7^ 0, c = 0. If c 7^ then we get an element of ker d and im d as usual. 

If c = then 

For fixed a the complex of such tensors is isomorphic to that from Lemma [4. 1.41 via tensoring 
this present complex with 0[^lY the right. Thus this complex has no homology. 
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For i = n — 3 the complex is generated by tensors (Cl)'^^^(Cl)'^^- For c 7^ we get an 
element of ker d and not im d as usual. For c = note that 

□ 

Lemma 4.2.4. Hn+i{gr^ci^ ^^v)) = for i ^ n — A and 

Hn+i{gr^_iCir-^\v)) = ((a)V(a)V(arr/l« + c + e = n-4, c,e/0). 

Proof. For i < n — 4 there are several cases to consider. If both c, e 7^ 0, we get an element 
of kerd and im d. The subcomplex where c = (or e = 0) is isomorphic to the complex 
from Lemma 14.1.51 by tensoring the present complex with ^(^l)^ on the right. Thus those 
subcomplexes have no homology. 

Now consider i = n — 4. If at least one of c, e is zero we are in one of the cases, 

The expressions on the right are linearly independent for different choices of a, c, e. If both 
c, e 7^ then we get an element of ker d and not im d as usual. 

□ 

Lemma 4.2.5. Hn+2{9'riC^ ^\v)) = /o'^ i n — 5, and 

Proof. Indecomposable tensors in kerd (that is, where c,e,g are all nonzero) are in im d for 
i < n — 5 since they have some nonzero power of ^. 

With i < n — 5 and at least one of c, 5, e = we have, 

'i((a)^(e)'^?^?(o'^(a)^^?(o■^^(a)^(o^ = ±(a)^(o'+'+'^(a)^^?(o^^(a)^(o^ (i) 
d((a)^(o'^(a)^^(o'^r/(o^e(a)^r?(o'^ = ±(a)^(o'^(a)'=r?(o'+^+'^(a)^(o^ (2) 
rf((a)"r?(o'^(a)^r?(O'^^(a)^r/(e)^0r?(e)'^ = ±(a)^(o'^(a)^»?(O'^(a)^^(o-^+''+'- (3) 

Combinations of pairs of tensors with fixed a, e, g, f, h in line (1) are in im d, following from 
the calculation in Lemma 14.1.51 by tensoring those with r/(^)'' on the right, and similarly for 
pairs from (2) and pairs from (3). 

Combinations of cross-terms from (1) and (2) in ker d are in im d following also from tensor- 
ing calculations from Lemma [4.1.5l on the right with r]{^)^; similarly cross-terms from (2) and 
(3), dividing the calculation in Lemma l4.1.5l by 9{^lY (i^i appropriate sense) on the right 
and tensoring on the left with (^L)"°r?(O''°0. It follows that all combinations of cross-terms 
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from (1) and (3) whose boundaries vanish also appear in im d. 



All tensors with i = n — 5 and c,e,g ^ are in ker d and not im d. Then note that if any 
of c,e,g = 0, the resulting boundaries are all linearly independent. This fact is immediate 
after writing them down. □ 

Lemma 4.2.6. 

Proof. All of the described terms are obviously in ker d and not im d. Once again the bound- 
aries of all terms with any of c,e,g,i = are linearly independent. □ 



Proof of Proposition \^.2.1 . From the lemmas we find that on the first page of the spectral 
sequence we have one non-trivial complex, 



i7„+2(gr„_5d""'^(r?)) 



Hn+lig'^n-^C, 



(n-1) 



'(r/)^0. 

We use the simplex trick as in the proof of Proposition 14.1.11 to recover the simplicial 
complex from Appendix [Aj this time mapping to a subcomplex of A [n — 3] (n — 3 since 
'Yl^i k'i = n — 1 after the change of variable and k'^ > 2.) 



By Proposition IA.0.51 the resulting simplicial complex has homology in dimension for 
n — 3 = 2,3 {Hn{Ci"' ^\ri)) for n = 5,6), in dimension 1 for n — 3 = 5,6 (i/„+i(Ci" ^^v)) 
for n -Fl = 9, 10), and in dimension 2 for n - 3 = 8, 9 (i?„+2(cl""^^(r/)) for n 2 = 13, 14). 



We also need consider n = 1, 2 for which A[n — 3] does not make sense. In both of these 



cases i?n+i(grn-2Cl" 
and {£,l)v respectively. 



and Hn{gr^_i 



(n-l) 



(?])) is one-dimensional, generated by rj 

□ 



The simplicial correspondence allows us to find representatives of classes. We see these are 
the representatives for the corresponding classes of H^{L) tensored with {^L)'n on the right. 



location 


representative 




V 






















H[f\v) 
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Corollary 4.2.7. 

^^(i-n)W - I otherwise, 

ffrrn / ^ if 71 = 5,6 



fffxn _ / ^ if n = 9,10 

(3-n)W - I otherwise 

H-o-n _ / ^ «/n = 13,14 



Proof. The complex C*j^_^)(r/) is dual to ci"^\r)). 
Corollary 4.2.8. 

HJCi''~^\e)) = I ^ if n = 1,2 

" \ otherwise, 

[ U otherwise, 

HJC^'^~^\e)) = [ ^ «/n = 9, 10 

" * \ otherwise. 

Hn(c!r~^\e) = I ^ «/n = 13, 14 
* \ otherwise. 

Proof. There is an isomorphism of complexes cl'"^ (ry) cl™ ^'^ (^) via 



We have representatives. 



location 


representative 




e 






Hf\e) 




Ht\0) 
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Corollary 4.2.9. 

^^(i-n)W-| otherwise, 

n)\ / y Q QihQj-yjlSe 

jjjjn rQ^ff^ ifn = 9, 10 
{3-n)\ I Q otherwise 

o-o-n rflW / ^ '-^"^ = ^^'^^ 

^^(4-n)W-| otherwtse 
Proof. □ 

4.3. Cohomology with coefficients in Bq and Bi. We give 5o the structure of a B- 

bimodule by identifying it with B/Bi. We denote 

HH'^m){B,Bi) := HH'^^^{B,Bq) := HH'^^^{Bq). 

The short exact sequences of S-bimodules 

^ ^ Si ^ = (??) ^ 

and 

^ = {6) ^ S/Bi = So ^ = (idL,ido) ^ 

give rise to long exact sequences in Hochschild cohomology 

Proposition 4.3.1. 

a. SSjj)(Si) = A; and SSjj)(So) = k 

b. HHf_^^{Bi) = and HHf_^^{Bi) = k. 

c. HHf_^^{Bo) = k, HHf_^-^{Bo) = HHf_^^{Bi) = and HH^_^^{Bi) = k. 

d. HH^_^^{Bo) = k and HH^_^^{Bo) = 0. 

e. HHf_^^{Bi) = and HHj_^^{Bi) = k. 

f. SSf_4)(So) = /c, HHl_^^{Bo) = k^ HHf_^^{Bi) = k^ and HHf_^^{Bi) = k. 

g. HHf_^^{Bo) = k and Hf_^^{Bo) = 0. 

h. SiJj°7)(Si) = and HH^l^^{Bi) = k. 

i. HHI^^^{Bq) = k, HHl^^^{Bo) = HHll^^{Bi) = fc^, and HHl':^g^{Bi) = k. 
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j. HHll^^{Bo) = k and HHf^^^^iBo) = 0. 
Proof. 

a. These follow from the exact sequences 

^ HHl^^ie) = k^ HHIq^{Bq) ^ 0. 

b. We have the exact sequence 

^ HHf_^^{Bi) ^ HHf_^^{ri) = k^ HHf_^^i^L,0 = k'' ^ HHf_^^{B^) ^ 0. 

The class cf) of HH'^_^^{ri) is dual to the homology class [(Cl)??] = ['vCOli "^^^ 
assume (t>{{^L)r]) = 4>{'n{0) = V- 

The classes of HH^_^^{^l,0 are dual to the homology classes [0{^L)'n] [niO^]- 
We check, 

e = -a- 

So S is injective. 

c. The result is obvious from the sequences: 

^ HHf_-^-^{e) = k^ HHI_^^{Bq) 0, 
^ HHf_2)iBo) ^ /^ilf_2)(idL,ido) = k^^0, 
^ HHf_^^{^L,0 = k^^ HHf_^^{Bi) ^ 0, 
^ HHf_^^{Bi) HHf_^^{r}) = k ^ 0. 

d. We consider the sequence, 

^ HH^_r^^{Bo) HHl_^-^{idLMo) = 4 HHf_^^{e) = k^ HH^_^^{Bo) 0. 

Representatives (l)i,(j)2 of the classes HH^_^^ (idi, ido) are dual to the classes 
and so we assume (f>i{0{^L)rjiO) = ido and (l>2i'n{O0^L) = idi- The rep- 

resentative of HH^_^^{6) is dual to the class [^(Cl)^(O^]) "^^^ check 
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So the kernel is generated by + <^2 • 



e. We look at the exact sequence 

^ iJi7f_4)(Si) ^ HHf_^^{ri) = k^ HHl_^^{^L,0 = ^ HHI_^~^{B{) ^ 0. 

The class </. of HHf_^^{r]) is dual to mWi^MO] = [{^LHOS{^L)r]], so wc as- 
sume that (p each of these gives rj. The classes of HHJ^_^-^{^l,^) are dual to 
mn^Mm and m^LHOOi^LH, so we check 

mmwi^LHoo) = -ct>mmLm))n = -vo = -a, 

So 5 is injective. 

f. We have exact sequences, 

^ HHf_^^{e) = k^ HHf_^^{Bo) ^ 0, 
^ HHl_^^{Bo) ^ HHl_^^{idL, ido) = fe^ ^ 0, 
^ HHf^,^{CL,C) = HHf_,^{B,) ^ 0, 
^ HHf_^^{Bi) ^ HHl_^^{rj) = k ^ 0. 

g. This concerns the exact sequence 

^ HHf_^^{Bo) ^ iJi78_g)(idL,ido) = A;2 i> HHf_^^{e) = k^ HHf_^^{Bo) ^ 

The classes of iJi7f_6)(idL, ido) are dual to and [7/(0^(^)^/(0^^], 

thus representatives and ^2 can be assumed to satisfy 

The class in HH^_Q^{e) is dual to [O{^l)v{O0{^l)v{O^] so we evaluate 

Thus the kernel of 5 \s (j)i + (j)2- 

h. We consider the exact sequence 

The class in HH^^^s^ {ifj is dual to 
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so we assume a representative ^ evaluated there returns rj. The classes in HHj^^s^ (^^, ^) 
are dual to 

mmMomum and mMoeiiMm^LH. 

We check, 

mmmLmmMm = -ci>mmLmmMO)o = -cl, 

So 6 is injective. 

i. We have sequences, 

^ HHl^^^{e) = k^ HHl'^j^{Bo) 0, 

11 fn.\ . uull f;A. ;a ..\ _ 1,2 



^ HHl^s^iBo) ^ HHl^^^iklL, ido) = fe^ ^ 0, 
^ HHII,^{Cl,0 = ^ HHf\^{B^) ^ 0, 



j. We consider the sequence, 

^ HHl%^{Bo) ^ HHl%^{[dL, ido) = fc' ^ ^^?-9)(^) = ^ ^ ^^?!9)(^o) ^ 0. 
The classes in iJii'^^^g^(idi, ido) are represented by 0i and (^2 dual to 

and [e(a)r/(0^(a)^(0^(a)r/(0], 
and the class in HH^^^^ (9) is dual to 

mLHOOiUMOOi^LHOO]. 

We check, 

<5(</'i)(^(eL)??(e)^(eL)r/(o^(a)^?(e)^) = oMiMmcLHOoi^iMm = o, 
s{ci>2mcL)mo(CLmmLHO0) = -M0{^L)mdi^LmmL)mw = -o. 

So the kernel of (5 is ^1 + 02- 

□ 

4.4. Hochschild cohomology with coefficients in Denote HHJ^^^s^{B, B) := HHJ^^^^{B). 
Wc Tisc the long exact sequence on cohomology induced by the short exact sequence of B- 
bimodules, 

0^ Bi^ B ^Bo^O. 

Proposition 4.4.1. 

a. HHUB) = k"^ 
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b. 




= k and HH^_^^ 


(B) 


= k 


c. 




= and HHl_^y 


(B) 


= 


d. 




= k and HHf n\ 


(B) 


= k 


e. 




= k and HHJ_^^ 


{B) 


= k 


f. 




= and HH^_,^y 


(B) 


= 


g. 

o 


HHf ^JB) 


= k and HH? 

(-6) 


(B) 


= k 


h. 


HHf_^^{B) 


= k and HH^^^s^ 


{B) 


= k 


i. 


™(-8)(^) 


= and HH^l^y 


{B) 


= 


j- 


HHl^^iB) 


= k and HH^'^^^ 


{B) 


= k 



Proof. 

a. Follows from part Proposition 14.3. iT a) and the sequence 

^ HHl^^{Bi) = k^ HHl^^iB) ^ HHfo^iBo) = k ^ 0. 

h. We consider the sequence 

^ HHf_-^-^{B) HHf_^^{Bo) = A; 4 HHf_^^{Bi) = k^ HHf_^-^{B) 0. 
A representative ip of HH'^_^^{Bq) is dual to [^6*] = [6^l\- We evaluate 

mmL)ii) = -i^{eiL)ri = -i, 

smriioe) = vi^m = a. 

So the image of ip under 5 is the negative of the image of from Proposition 14.3. iT b). 
but this was made already there. Thus 6 is zero here. 

c. We have the sequence 

^ HHf_^^{B) HHf_^-^{Bo) = k^ ^ HHf_^^{Bi) = k^ ^ HHf_^^{B) 

Representatives Qi,a2 generating HH'^_2){Bq) are dual to [ri{$,)6] and [0{^L)ii\- Rep- 
resentatives Pi,f32 generating HHf^ABi) are dual to [?7(C)^Cl] and [^(Cl)^(O]- Thus 
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we assume that ai(f/(0^) = idi and 02 (^(Cl)^) = ido and evaluate 











So here 5 is an isomorphism. 

d. We have a sequence 

^ HHf_^^{B) HHf_^^{BQ) = k^ HHf_^^{Bi) = k^ HHf_^-^{B) 0. 

The class generating HH'^_^^{Bo) is (pi + (j)2 from Proposition 14.3. TT d). The class 
generating HHf^JBi) is dual to the class ['r]{^)6{^L)v]- Then we have 



Thus again as in the proof of Proposition 14.3. iT d) the kernel is 0i + (^27 meaning that 
in this case 6 = 0. 

e. We have a sequence 



^ HHl_^-^{B) ^ HHI_^^{Bq) = k^ Hl_^^{Bi) = k^ HHl_^^{B) ^ 0. 
Let iphea generator by HH^JBq) dual to [e{iL)r]{i)05,L\ = Following 



So the image of tp under 5 is the negative of the image of (p from Proposition 14.3. iT e) . 
but this was made already there. Thus (5 = here. 

f. We have a sequence 



^ HH'{B) ^ HHl.M) = k^^ Hl.JBi) = k" ^ HHI.JB) ^ 0. 



Proposition 14. 3. iT e) we have, 



The classes ai,a2 generating HH, 



(Bq) are dual to 



mmMm and mLMooi^L)^]] 
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So we check 



5(«i)(^(eL)r/(o^(a)r?(e)) = o, 

S{a2){v{O0{CLHO0CL) = 0. 



So 6 is an isomorphism. 



g. We have a sequence 



^ HHf_^^{B) ^ HH^_^^{Bo) = k^ = k^ HHf^^^{B) ^ 0. 

The generator of HH^_q^{Bq) is (j)i+(j)2 from Proposition l4.3.lT g) and from //i^j 
is dual to So we check, 

s{^2){v{oo{^LmmL)v) = -Mri{m^L)v{oo^L)v = -v- 



^ HHI^^JB) HHi^^JBo) = k\ HHi^^JBi) = k^ HHi^^JB) 0. 



For precisely the reasons as in (c,f) above 5 is an isomorphism, 
j. We have a sequence 



Thus again the kernel is 0i + (j)2 so here (5 = 0. 



h. We have a sequence 



For precisely the reasons as in (b,e) above 5 = 0. 



i. We have a sequence 



hhI^^^{Bi) 

HHI^^^{Bi) 



^ HHl^s^iB) ^ HHl^s^iBo) = ^ 
k" ^ HH}\{B) ^ HHilM) = 0. 




^ HHl%^{B) ^ HHl%^{Bo) = k^ 
k ^ HHl%{B) ^ HHPM) = 0. 



For precisely the reasons as in (d,g) above (5 = 0. 
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Theorem 1. The Hochschild cohomology of B for maps of internal degrees 1 — n, 2 — n, and 

3 — n is 

{k'^ if n = 1 
k ^fn = 2A 
otherwise. 

uu^ ^ = 3,5,6,8 

^^(2-„)l^j - j otherwise. 

zrrrn ^ n = 7, 9, 10, 12 

^^(3-n)l^j - I otherwise. 

5. The ^oo-algebra of a complex elliptic curve 

5.1. ^oo-structure on Ext*(C)©L, ©©L). Let C = £./ {'L + t'L) be a complex elliptic curve 
(in particular Im(T) > 0). Below we write m„ in place of the more appropriate m„(T), as the 
operation m„ depends on r, but we now consider it fixed. In [Ij Theorem 2.5.1, Polishchuk 
proves 

Theorem 2. The only non-trivial higher products rUn of the Aao-structure on 
B = Exf{0 ®L,0®L) are of the form 

^nm^mLMmaf) = Mia, b, c, d) ■ e, 

mnmrviO'Oi^LTviO") = M{a, b, c, d) ■ V, 
mnm''mL)'vima)''vi01 = M(a + e + 1, b, c, d) ■ tdo, 
mnmrviO'Oi^LTvi&Oi^Lr) = M(a + e + l, b, c, d) ■ idL. 
All products rUn with odd n vanish. 

We set about amending this structure based on the result in Theorem [1] and the discussion 
in Section [21 

The associative algebra B obtained by restricting the Aoo-structure from Theorem [2] is 
independent of r. The calculation that m^, = also does not depend on r. Theorem [2] has a 
nonzero m4, but the calculation in Theorem [1] that HH'^_^^{B) = implies that all possible 
7714 extending mi = 0, m2, ma = are equivalent to m4 = (since = = ms = ■ ■ ■ = 
is one possible ^oo-structure on B). The discussion in Section [2] therefore implies that there 
is a strict equivalence f : B ^ B such that / * m4 = 0. 



Proposition 5.1.1. The equivalance (fn) . B ^ B defined by fi = ids, 

/2 = /4 = /5 = • • • = 0, 

/3 = M(i,o,o,o)[([r?(o^]* - mfvT - UL)iim*)®ri+{mL?r - [{ifor - [ieiLY)®e+ 
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defines a new A^-structure (m^) on B with 

(1) = 0; 

(2) = for k odd; and 

(3) rnQjirig Hochschild cocycles. 

Proof. (1) Recall (see [6j) that for (/„) to be an equivalence between {B, rUn) and {B, m'^), 
it must satisfy the relations, for all A; > 1, 

Y^i-iy+^^f^ii^r ^^^^ ^ Y^i-^YKih. ^f^,^■■■^ /v) 

where the first sum runs over all decompositions k = r + s + t with u = r + 1 + t, and 
the second sum runs over all 1 < r < A; and all decompositions k = ii + ■ ■ ■ + ir and 

s = {r- - 1) + (r - 2)(i2 -!) + ••• + 2(v_2 - 1) + - 1). 

Since /i = id^ and /2 = it follows that m'^ = m-s = 0, and in order for m'^ = we 
must have 5/3 = 7714. That this is true is verified by direct calculation. 

(2) We show by induction that ^1^2^+1 = for A; € Z>i. The base case is above, and 
for k > 2 the left side of the relation vanishes. This is clear since fi = except for 
z = 1,3, and the terms involving fi, fs have m2k+i and m2k-i, respectively, which 
are both zero. The right side vanishes except for the term 17121^^1, since in order for 
ii + ■ ■ ■ + ir = ^k + 1 where all ij are 1 or 3, we must have r odd. The induction 
hypothesis guarantees that in these cases m'^ = 0. 

(3) Finally, the ^oo-relations for (m^) give 

dm'g = ^>8(m3, 7714,7715,7716,7717), 

where is a quadratic expression. The right side of the first must be zero since 
7773 = 777,4 ~ "^5 ~ 0- "^^^ right side of the second must be zero since only TTig 7^ and 
in this quadratic expression, uiq is paired with 777,4. 

□ 

We determine from the relation in the proof of (1) that 

77l6 = 7776 + /sll®^ 7774 - 1 (g) 7774 ® 1 + 7774 (g) 1®^) " m2(/3 (g /3), 

m's =7n8 + /3(l®^ ^"76-107776 1 + 7776 ® 1®^) - Tn'g [ 1®'' /3 ® 1®* ) • 

\r+l+t=6 / 
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6. Recovering the ^-invariant of C 

We set about constructing an explicit isomorphism HH^_^^{B, B) © HH^_q^{B, B) — >■ C^. 
Let S = {ido, idi, 9, rj, ^, ^l}, our usual basis for B. Then for every x G A^"' and y E S we 
define an i?-linear function t% : Hom^^^(^®'*, A) ^ Chy t%{(f)) is the coefficient on y in 0(x). 

Proposition 6.0.2. Let 

is a Hochschild cocycle, then 

if and only if (j) is a coboundary. Thus /? is constant on cohomology classes. 
(2) Let c € HH^_^^{B, B) such that /3(c) = —5. Then the C -linear function 

a : HH^_^^{B,B) — )■ C defined by a-^ 1 is an isomorphism such that i— )■ t^e^. 

Proof. For tj; G Hom^^^(S^^, S), where S is the Hochschild differential, we have Sip{x) = 
cti + a2 + as where 

ai = -vi^{9ri{mL) - ^Li^mWvO) + ^L^ivOvO^i) + - r]^P{9{CLfvO)+ 

(LmL)vOvO) - V^K^9r]9a) - iLi^{r)9r^{m, 
«2 = -i^{-{iMO0iL + {iL)ri9{iL? - {Cl?vO) + ^{-m^e^L + {^Lfr,9CL+ 

mmLf - i^LfviOd) - mLumL + + {^Lfve - ^(o'^a- 
= mLMoo^L) = t;^^)^(^),^jv)idL, 

mifvOvW + ^m)OvO)iL + i^{{iL)r]9r^{i))9. 
We have ai = 0:3 = for degree reasons, so in fact 

thus 

But also 
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so 

This proves that (3 vanishes on coboundaries. 

Since mg is a cocycle and Theorem [T] showed that HH^_^-^{B,B) is one-dimensional, cal- 
culating /3(mg) = — 5t^e4 will complete the claim. We use the relations in Proposition 1 1 . 1 . H 
liberally and let z = nii — 1® (g) 1 -|- 1^ (g) 7714. 

We have 

meix) = (-M(2, 0,0,1) -M(2, 1,0,0) +M(3, 0,0,0) M(3, 0, 0, 0)- 
M(l, 0,2,0) -hM(3, 0,0,0) -M(2, 1,0,0) - M(2, 0, 0, l))idL 
= (-4M(2, 1,0,0) -h3M(3, 0,0,0) - M(l, 0, 2, 0))idL 
= -2t^g2,iidL, 

Mz{x)) = M(l, 0, 0, 0)5i,o/3(-r/^a + VO^L + (a)r/^ - {^l)vO + V^^L + {^l)vO- 
VO^L - {^l)vO - vO{^l) + vO{iL) - viOo - viOo + {iL)vO - {iL)vO) 
= M(l,0,0,0)/3(-25e/) 

= -2[M(l,0,0,0)]2idL, 

-m2{h ® h){x) = -fsmrnhmi) + hmL)fmL)ve) + h{v{mhmL)+ 

fML)r,e)h{r,{m 
= 0. 



So 

Also 

thus 
and 





t'^{2[elf - 1064 - 2[elf) = -10*^64 



m'MiMmL) = M(0, 1, 1, 1)9 - fmiL)ri)hmL) 
/3(m^) = -10t^e4 + 5*^*64 = -5t^e^. 



□ 



Proposition 6.0.3. (1) Hom-j^ \Bf^,B) is a cocycle, then t^(^)g(^^)2^(^)e('/') = 

if and only if (j) is a cohoundary. 

(2) Let c S HH^_Q^{B,B) such that ^^^^)6i(5^)2^(g)e(c) = —35. Then the C-linear function 
'(-6)( 



7 : HHf_Q.{B, B) -^C defined by c ^ 1 is an isomorphism such that m'g i-?- t cq. 
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Proof. It is clear that for tp G Hom^j {B^ , B) we have 

si^mmLfmo) = v^{mLfv{.oo)+^mmLfm)e = o, 

where both terms are zero for degree reasons. Let 

1^1 = /3("^6 (8) 1^ - 1 (8) me (g 1 + 1^ me), 

r+i=5 

Then we have 

ms{mo{iL?v{m = 1, 2, i)idL 

^i(^?(0^(a)S(0^) = iV3(M(0, 1, 2, 0)r/(e)^ + M(0, 2, 1, 0)r?(0^) 
= 2t^M(2, 1,0, 0)M(1, 0,0,0) 

^2mmL?vi.O0) = -M(l, 0, 0, Q)m'^{idL{iL?mO - vOUMOO + vi^WviOO- 

meme - moi^L)ve + r/(e)^(a)'idL) 

= M(l, 0, 0, 0)m'Q m^LH^O + v{O0{^l)v0) 
= M(l, 0, 0, 0)[M(1, 0, 1, l)idL + M(l, 1, 1, 0)idL+ 
M(l,0,0,0)/3(5e/ + 5e/) - 13^1)13^)0) " f3{v{O0)f3m)v0) 
= -i^ (252,191,0 + 2g?,o + 5?,o - 9?,o)idL 

Thus 

m'sivim^L)MO0) = i'(-^53,2 - <72,i5i,o - 252,151,0 - 2<??,o) 

= ^^(-^93,2 - 352,191,0 - 25?,o) 
= -35t^ee. 

□ 

The vanishing of HH^_^^{B) imphes that all choices of fs for the equivalence in Propo- 
sition [5TLT] are homotopic, so that the cohomology classes of mQ,m'g are well-defined in the 
following sense. 

Proposition 6.0.4. Let (/') : A ^ A be defined such that f[ = id^, /2 = = /s = • • • = 0, 

/' * m4 = /' * m2k+i = for all k E Z>o. Then 

(1) mg — f * me is a Hochschild cohoundary, and 

(2) mg — f * mg is a Hochschild cohoundary. 
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Proof. (1) It follows from the discussion in section [2] (3) that /a — /g is a cocycle, and 
since HH^_^^{B) = it must also be a coboundary. Let 6h = — f^. We have that 

Ci := niQ- f * me 

= O m4 - 1 (g) 7714 (8) 1 + m4 O 1®^) _ m2(/3 O /s) + ^2(73 O /g) 

= 6h{l^^ (g) 7714 - 1 ® 7714 1 + r?T,4 (g) 1®^) - m2(/3 ® 5h + 5h - 5h 5h). 

Let /3 be as defined in Proposition 16.0.21 The check that /3(Ci) = is a straightforward 
calculation. We let m'g — /' * = J^f. 
(2) Here we have 

C2 := "T-8 - f *ms 



= 5h{l^^ (g me - 1 me 1 + me (g 1®^) - m\ 
if * mo) 



Y 1®^ ® (/3 - ® l^M 
\r+l+t=6 / 

6h{l^^ (g me - 1 me ® 1 + me (g 1®^) 



Sg( Y 1^''®/3^1^*) 

\r+l+t=6 / 



Let 7 be as defined in Proposition 16.0.31 The check that 7(C2) = is a straightforward 
calculation. 

□ 

Theorem 3. Under the map a © 7 : HH^_^^{B, B) © HH^_q^{B, B) C^, we have 

(a©7)(m6,m8) = {t^ei^t^eo). 
We have set C = C/(Z © Zr), whence 

Since t > 0, obviously we also have 



j = 1728- 



[aK)]3-27[/3K)]2- 
In this way we recover the j-invariant of C from this j4-infinity structure. 

Appendix A. Simplicial calculation 

Let /c be a field. Let [n] = {1,2,..., n}. We define a simplicial complex A[n] C -P([?t-]) such 
that 

Ao = G [n]}, Ai = {{i,j}|j -f > 2}, A2 = {{i,j,A:}U-i>2,/c-j>2}, 

and in general 

Am = {{ii,i2, • • • ,im}\ij+i -ij > 2, j = 1, . . . ,m - 1}. 
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Proposition A. 0.5. For all k eN, we have 

A[3k + 1] ~ point, 
A[3fc + 2] ~ 5^, 
A[3A: + 3] ~ 5^ 

Proof. We proceed by induction on k. The complex A[l] is literally a point, A[2] is two points 
and no edges, and A [3] is three vertices and the edge {1,3}. 

Suppose the result for k. Then 

A[3A; + 4] = AUB 

where 

A = {1, 2, 3, . . . , 3A; + 3} n A[3A; + 4], 

B = {all simplices containing the vertex 3fc + 4}. 

The complex B is contractiblc so i3 ~ D'^ and A ~ A [3 A; + 3] ~ S^. Their intersection is 

AnB = A[3k + 3] n {1, 2, 3, . . . , 3/c + 2} ~ A[3A; + 2] ~ 5^ 
So A[3fc + A]=D''LIS^ with D^nS'' = S^, which is contractible. 

We proceed similarly for the other cases. Now A[3A; + 5] = AU B where 
^ = {1, 2, . . . , 3A; + 4} n A[3A; + 5] ~ A[3k + 4] ~ 
B = {all simplices containing 3k+5} ~ D^^^, 
AnBc^ A[3yfc + 3] ~ 5^ 
So now we have two disks intersecting in S^, which gives S^^^. 

Finally A[3k + 6]= AUB where 

^ = {1, 2, . . . , 3A; + 5} n A[3A; + 6] ^ A[3A; + 5] ~ 
B = {all simplices containing 3k+6} ~ D^'^^, 

AnBc^ A[3A; + 4] - D''+^. 

So we have an 5''^"'"^ and a disk intersecting in a disk, which gives S'^'^^. □ 

For A; = 0, 1, 2, it will be helpful to have explicit representatives of the resulting homology 
class in A[3k + 2] and A[3k + 3]. For A[2] and A[3] we use {1} - {2}. 

The loop in A [5] is constructed from gluing the contractible complex A [5] fl {1,2,3,4} 
with the contractible complex of those simplices touching {5}. The intersection is the in 
{1, 2, 3}. The easiest way to realize this class is by taking the cone over {1} U {2} to {4} and 
another cone to {5}. Thus the resulting loop is {1, 5} ± {1, 4} it {2, 5} ± {2, 4}. We also use 
this class in A [6] . (The choice between + and — when offered is not of importance for our 
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application of this calculation, so we do not make it.) 

The class in A [8] we realize similarly. The intersection of the two contractible parts is A [6] , 
which we consider as the loop above. We make a cone over this loop to the points {7} and 
{8} to get the class representative 

{1, 5, 7} ± {1, 4, 7} ± {2, 5, 7} ± {2, 4, 7} ± {1, 5, 8} ± {1, 4, 8} ± {2, 5, 8} ± {2, 4, 8}. 

This class will also work for A [9]. 
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